
transactions of the
american mathematical society
Volume 273, Number 2. October 1982

C*-ALGEBRA fibre bundles1

BY

...„, .*~~, „...,MAW-DING JEAN

Abstract. It will be shown in this paper that for any C*-algebra fibre bundle with

base space X and fibre A, a C*-algebra, the Jacobson spectrum of the C*-algebra of

sections of the fibre bundle can be identified as a topological fibre bundle with the

same base space X and fibre the Jacobson spectrum of A.

A C*-algebra fibre bundle 2 = (E, X, A, p, U, <¡>u, G) is specified up to equiva-

lence [3] by a topological bundle space E, a locally compact Hausdorff base space X,

a C*-algebra fibre A, a continuous projection p: E -» X, an open covering U of X,

and homeomorphisms <¡>u: u X A -> p~x(u) for u E U. The <¡>u are fibre-preserving:

<t>u(x, A) — p'x(x). Furthermore, there is an effective topological group G of *-auto-

morphisms of the fibre A. The mappings $„ and the fibre A are related as follows:

For x E u n v, u,v E U, and a E A, let

<l>ü\(x,a) = {x,guv(x)(a)).

Then guv(x) E G, and the map guv: u n v -> G is continuous. If y E p~x(x),

x E u E U, the relation is described by writing <t>~x(y) = (x, tu(y)). Let S be the set

of continuous sections y: X -» E (py(x) = x) and 7) = {y E S: | y(x) | =

II tj.y(x))\\ A vanishes at infinity}. Note that | y(jc) | = II tu(y(x))\\ A is independent of

the choice of m in U containing x, since guv(x) E G is an isometry.

For y,,y2 £ 7), if x E u E U, define

(Yi + y2)(x) = <t>u(x, r„(*d») + tu(y2(x))),

and

(y.Y2)(^) - <>u(x, tu{yi(x))tu(y2(x))).

If x E v E U also, then

(Yi + y2)(x) = 4>v{x, tB(ji(x)) + tv(y2(x)))

= *„(*, «u„(*)(í«(Yi(jc)) + C(y2(*))))

=+«(xX(y¿x)Yl t„(y2(x))).

Thus (y, + y2)(x) is well defined as is (y^X*); clearly, y, + y2 and y,y2 belong to

7).
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For y E D, since | y(x) | is continuous on X,

Hyll =sup \y(x) |< oo.
xex

Direct verification shows that II • || is a norm on D and that with respect to this

norm   and   the   operations   as   defined   above,   and   the   involution   y*(x) =

<Pu(x'(tu(y(x)y)*)' & is a C*-algebra, called the C*-algebra of sections of the fibre

bundle 2.

Lemma 1. Let 2 = (E, X, A, p,U,<f>u,G) be a C*-algebra fibre bundle and let D be

its C*-algebra of sections. If u E U, andf E C00(Ar, A) with support(/) C u, define

y(x) = (¡>u(x, f(x)),    ifx E u,

= O(x),    if x E u,

where 0(x) = <j>v(x,0), if x E v E U.  Then y E D and tu(y(x)) — f(x), whence

A — {tu(y(x)): y E D} for each x E X, u E U with x Eu.

Proof. Cf. [2, Lemma 1.1].

Lemma 2. Let 2 = (E, X, A, p, U, <i>„, G) be a C*-algebra fibre bundle and let D be

its C*-algebra of sections. If I is a closed two-sided ideal of D, for each x E X and

u E U such that x Eu, set Iu(x) = {tu(y(x)): y E I}. Then I = (y G 7): for every

x E X, there exists in Uau with x Eu and such that tu(y(x)) E Iu(x)}.

Proof. If y G 7, for every x E X and u E U with x E u, then tu(y(x)) E Iu(x) by

definition of Iu(x).

Conversely, if y G D and if for every x E X, there exists a u in U with x G u such

that tu(y(x)) E Iu(x). If e > 0, K = {x E X: | y(x) \> e} is compact. For every y in

K, there exists a v in U with y E v and there exists a zy in 7 such that tv(y(y)) =

tv(zy(y)). Since A has an approximate identity, there exists an ay in A such that

Let/ G Coo(X) be such that f(y) = 1 and support (/) C v. Define

wy(x)=<t>v{x,f(x)ay),   iixEv,

= 0(x),   ifx E v.

Then wy E D and tv(wy(y)) = f(y)ay = ay (Lemma 1), and

\y(y)-wyzy(y)\= \\tv(y(y)) - t0{wy(y))tv(zy(y))\\

= \\tv{zy(y))-ayty{zy(y))\\<e.

By the continuity of x -* y(x) on X, | y(x) — (wyzy\x) |< e on a neighborhood of y.

Therefore, there is a finite open covering Ox,02,...,On of K such that \y(x) —

(w¡Zi)(x)\< e on 0¡ for /= 1,2,...,«, and there are gx,g2,---,g„ constituting a

partition of unity subordinate to Ox,02,.. .,0„, i.e., g¡ E C^X), g, vanishes outside

O, and g, + g2 + • • • +g„ = 1 on K. Then l/¡=xgiwizi G 7, since g,w, G 7) and z, G 7,
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and

< e   onK,y(x) - 2 (&w,*,-)(w)
<=i

thus || y — 2f= ig/W/2,- II < e. Whence y G 7, and the proof is complete.

Let A be a C*-algebra. We denote by A the set of equivalence classes of

irreducible representations of A endowded with the Jacobson topology [1,3.1.1 ].

Theorem 3. Let 2 = (E, X, A, p, U, <f>„, G) be a C*-algebra fibre bundle and let D

be its C*-algebra of sections. Then to each (x,u,tt)EXX U X A with x G u, there

corresponds a o in D such that o(y) — tr(t u(y(x))), for y G 7). Conversely, every o in

D is of this form.

Proof. If (x, u, it) E X X U X Â with x E u, then since A = {tu(y(x)): y E £>}

(Lemma 1), o(y) = tr(tu(y(x))), y E D, is an irreducible representation of D.

Conversely, if o E D, put 7 = kera and set S — {x E X: Iu(x) ¥= A, for every

u E U with x E «}. If S = 0, then for every x in X, there exists in U a u with x E u

such that Iu(x) = A. It follows from Lemma 2 that I — A, a contradiction, hence

S¥= 0.

Suppose x and y are distinct elements in S. Let « and v be in U such that x G u

and y£». Choose two open subsets «, and u, in X such that m, n d, = 0 and

x G a, C u, y E vx C v. Define M = {y G 7): y(z) = <£„(z, /(z)), if z G u, = O(z),

if z G w, where / G Cœ(A, ,4) with support (/) C «,}. Similarly, let A = {y G D:

y(z) = <f>v(z, g(z)), if z G u, = O(z), iî z E v, where g G Cm(X, A) with support

(g) C vx}. Then M and A are closed two-sided ideals of D, and if y,y2 E M ■ N,

lly,y2ll = sup | (y,y2)(x) |= sup \\tu(yx(x))tu(y2(x))\\
x<ex xex

<sup\\tu(yx(x))\\-\\tu(y2(x))\\=0,
x(EX

hence 0 = M • N C I. Since 7 = ker a is a primitive ideal of 7), by [1,2.11.4], M C I

or NCI. Suppose M C I, then Mu(x) C Iu(x). Note that A = Mu(x), since if

a E A, by the construction of the ideal M there exists a y in M such that

a = tu(y(x)), and hence A = Iu(x) which contradicts x in S. Therefore S = {x0} is

a one-point set. Owing to Lemma 1, it follows that a induces a -n in A according to

<tu{y(x0))) = o(y),    for y G D.

This shows that for every o in D there corresponds (x,u,tr)inX X U X A such that

o(y) = Tt(tu(y(x0)))toryED.

The correspondence between X X U X Â and 7) in Theorem 3 is not necessarily

bijective, although to each a in D there corresponds a unique x in X It will be shown

that in the Jacobson topology on D, D is a topological fibre bundle over X with fibre

Â and covering Í7.

Lemma 4. Lei 2 = (E, X, A, p, U, d>„, G) be a C*-algebra fibre bundle and let D be

its C*-algebra of sections. For o in D there exists according to Theorem 3 a unique x in

Xsuch that o corresponds to (x, u, it). Definep on D into X by p(o) = x, then p is a

continuous projection.
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Proof. It is immediate that/5 so defined is surjective.

Assume the net {ox} converges to a in D. Choose (xx, ux, ttx) and (x, u, tt) in

* X UX Â such that

°a(y) = Wa(*Jy(*a)))    and    o(y) = w(tu(y(x))),        y G 7).

Note that xx and x are uniquely determined.

If xx -t* x in X, there exist a subnet {xv} and a function/in C^X) with support

(/) C u such that/(xv) = 0 and/(x) = 1. Furthermore, pick an a in A such that

■n(a) j- 0. Define

y(j') = §u(y, f(y)a),   if y E u,

= 0(y),   iiy^u,

then y G D and tu(y(x)) = f(x)a = a,

'„(y(*v))=/(*x> = 0,    ifxvG«,

= 0,    if xv E u,

hence r„(y(xv)) = 0. Moreover,

V(y(*v)) = í«v«(-«v)(^(y(*v))) = gu„«(xy)(0) = 0,    if xx. E u,

— 0,    if xx, E u.

i nils

V(y(xA,))=0    and    nx,{tjy(xx,))) = 0,

therefore, y G Dx,keraA,. Since ox, -» a in 7), it follows that Picker ox. C kera, by

[1,3.4.4 and 3.4.10]. Whence y G kera, but a(y) = 7r(i„(y(x))) = Ti(a) =£ 0, a con-

tradiction. Therefore p is continuous.

For each u in  {/, define <f>„:  m X ^4 -> p~x(u) by ^„(x, 7r)(y) = 77-(/„(y(x))),

y G 7).

Lemma 5. t/se /Ae above notations. For every u in U, <j>u is a homeomorphism from

u X A onto p~x(u) and is fibre-preserving.

Proof. If a E p'x(u), there exists (Theorem 3) a unique x in X and some v in U

with x G v n u such that o(y) = rr(t v(y(x))), y E D. Let Ô be defined on A by

8(a) = Tr(gvu(x)(a)), aEA. Then ô G Â and

fi('B(Y(*))) = *(g01((*)('B(Y(*)))) = *(',(?(*))) = °(y),    for y G D.

Thus <í>„(x, ô) = o, whence <¡>u is surjective.

To prove <j>u is 1-1, assume (x, it) ¥= (y, o) in u X A. If x 7e j>, there exists a / in

CqqÍ A) with support (/) C u such that f(x) — 1 and f(y) = 0. Choose an a in A

such that w(a) ^ 0. Define

y(z) = <i>„(z,/(z)a),    ifzGw,

= O(z),    ifzEu.
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Then

(. (  (   \\\        t tt   \  \        í   \ + c\nUYU))) = nf(x)a) = 77(a) # 0,

o(tu(y(y))) = o(f(y)a) = o(0)=0.

Hence <j>H( x, tt ) =£ $u( y, o ).

If x = y, then tt ¥= o in /^"'(m). Hence <¡>„(x, tt) ¥= $u(y, o). This proves that $u is

biijective.

Suppose the net (xx, ttx) -» (x, 77) in uXi. If y G DA ker <f>„(xA, 77A),

■*\(tu(y(xx))) = 0. Since <¡>~x(y) = (x, *„(;>)), y- -* tu(y) is continuous and since

xA -> x in X and y is continuous, y(xA) -* y(x) in E. Hence, if e > 0, there exists an

X0 such that if X > X0, II tu(y(xx)) - tu(y(x))\\ < e,

K('«(y(*)))II = K(/„(y(*a))) - *aWy(*)))II

<jij.(r(^)-'-(Y(*))»<f-
Therefore, ||ru(y(x))/nA>Aoker77A|| = supA>Aol|í„(y(x))/ker77A|| < e. Since ttx -» tt

in i4, hence HA>A ker77A C ker 77 [1,3.4.4 and 3.4.10]. Thus II f„(y(jc))/ker w || < e.

Since e is arbitrary, iu(y(x)) G ker 77, <>„(x, 77)(y) = 77(ru(y(x))) = 0, whence y G

ker <f>„(x, 77). This shows that nxker<i>u(xA, 77A) C ker<jiu(x, 77). Hence <f>„(x, 77)

G (<í>„(xA, 77A)}  in D, and the same holds for every subnet of (xA, 77A). Hence

*«(*x> "x) -* k(x, "") ù}p-x(u).

Conversely, assume <i>u(xA, 77A) -> #u(x, 77) in p~x(u). If xA -t+ x in X, there exist a

subnet {xv} and a function/in C^X) with support(/) C u such that/(xA.) = 0

and/(x) = 1. Let a in A be such that 77(a) ^ 0. Define

y(y) = <t>u(y,f(y)a),  iîyEu,

= 0(y),    if y Eu,

then y G D and

*My(xx.))) = TTx,(f(xx.)a) = 77A,(0) F 0,

»(¿(Y(*)))r»(tóV)..= «ííi>^0.
Hence y G f\, ker <¡>u(xx,, ttx,), but y E ker<f>u(x, 77), which contradicts <í>„(xA, 77A) -*

<í>„(x, tt). Thus xA -» x in X.

Next, it will be shown 77A -» 77 in A. If a G PlAker?7A, 77A(a) = 0 for all X. By

Lemma 1, there exists a y in 7) such that a = tu(y(x)). It has been shown that

xA -» x in X, so that for e > 0 there exists an X0 such that if A > \0 then

\\tu(y(*x))-tu(y(x))\\<^

and so

whence

!»xC'.(yÚJ))II = K('„(y(*x))) - ^('„(yW))!

<ÍUB(Y(xx)j-ÜY(x))ír<e,

||y/ker^(xA,77A)|| = ll77A(i„(y(xA)))||< e,    forA>A0.

Thus ||y/f\>A ker ¿u(xA,77A)||<e.
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Since cf>„(xA, 77A) -» ¿>u(x, tt), flA>Ao ker ¡f>u(xx, ttx) C ker 4>u(x, it). Hence

II y/<i>„(x, 77)|| < e and therefore y G <i>u(x, 77), i.e., 77(ru(y(x))) = 77(a) = 0. Thus

a E ker 77, whence (~IA ker 77A C ker 77. It follows that 77 G {77A} in A by [1,3.4.4 and

3.4.10], and the same holds for every subnet of {t7a}. Therefore 77A -» 77 in A, and this

proves that <¡>u is bicontinuous.

Finally, if x G u and o is inp~x(x), o corresponds by Theorem 3 to some (x, v, tt)

in A X UXÂ such that

o(y)=Tr(tv(y(x))),    for y G D.

Since tt E A, Trg„Jx) G A, and

(k(x,*gvu(x)))(y) = (*gou(x))(t»(y(x)))

= »(*.„<*)('„«*)))) = *(/„(?{*))) = o(y).

Hence <f>u(x, ^4) = p'x(x) and thus <i>„ is fibre-preserving.

If g G G, and if the map g*: A ^> A is defined by g*(?7)(a) = 7r(g(a)), then g* is

bijective. Furthermore, if the net 77A -» 77 in ^4, and if a G DAkerg*(77A), 77A(g(a)) =

0. Hence g(a) E nAker77A. Since 77A -» 77 in Â, nxker77A C ker 77, by [1,3.4.4 and

3.4.10]. Whence g(a) E ker77, a E kerg*(77). Thus nAkerg*(77A) C kerg*(77),

g*(77) G (g*(77A)} in A, and the same holds for every subnet of (g*(77A)}. Therefore

g*(77A) -» g*(77) and thus g* is continuous. A similar argument shows (g*)'x is

continuous. Thus g* belongs to Auteo(^î), the group of self-homeomorphisms of Â.

Consider the group G of self-homeomorphisms of the form g* where g G G. The

map T: G-> G defined by T(g) = g* is a group antiepimorphism (T(gh) =

T(h)T(g)). If the quotient group G/ker Tis given the quotient topology, G/ker T is

a topological group. Since

g/ker T -> g*

is an anti-isomorphism from G/ker 7" onto G, we topologize G by giving it the

topology derived from G/ker T, i.e., a set 5* C G is open if and only if the preimage

5 is open in G/ker T. Then G becomes a topological group.

If u, v E U and x E u n v, define

guv(x):Â^Â

by

guÂx)(ir)(a) =Tr(gvu(x)(a)),    for 77 EÂ,aEA.

Thengul)(x) = (g„„(x))* G G.

Since the map guv: u n u -> G is continuous, and the canonical map: G -» G/ker 7"

is also continuous, it follows that the map guv: u n ü -» G is continuous. Moreover,

*„(*> w)(y) = ^(í„(y(x))) = T(gOB(^)(ís(Y(*))))

= *»(x)(»')('.(t(*)))

= ^(^.Iuc(^)(^))(y),    for y G D.

Thus ^„(x, 77) = (x, guv(x)(TT)).
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Owing to Lemmas 4 and 5, the following result may be demonstrated:

Theorem 6. Let 2 = (E, X, A, p, U, <j>u, G) be a C*-algebra fibre bundle over a

locally compact Hausdorff base space X, with fibre A, a C*-algebra. Then 2 defines a

topological fibre bundle 2 = (D, X, A, p,U,<j>u,G) over the same base space X, with

fibre the Jacobson spectrum A of A and bundle the Jacobson spectrum D of the

C*-algebra of sections o/2.

Proof. By the above argument, the following results are readily derived:

(i) pisa continuous projection from D onto X,

(ii) <j)u is a homeomorphism from u X A ontop'x(u) and is fibre-preserving in that

<jiu(x, Â)=p-\x),

(iii) 4>-ux4>v(x, tt) = (x, guv(x)(w)) and guv(x) E G, and the map guv: u n v -» G is

continuous.

Therefore 2 = (7), X, A, p, U, <f>„, G) is a topological fibre bundle.

Remark. It is shown in [2] that if 2 is a Banach algebra fibre bundle over a

compact Hausdorff base space X with fibre A a so-called g-uniform Banach algebra

then the maximal ideal space (corresponding to D) of the Banach algebra of sections

of 2 with suitable topology can be identified as a topological fibre bundle with base

space X and fibre the set of maximal ideals of the Banach algebra A. An example is

given there to show that if the Jacobson topologies are used for the maximal ideal

space of the Banach algebra of sections of 2 and the maximal ideal space of A, the

coordinate functions <¡>u (as in Lemma 5) need not be continuous.
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