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C*-ALGEBRA FIBRE BUNDLES!
BY
MAW-DING JEAN

ABSTRACT. It will be shown in this paper that for any C*-algebra fibre bundle with
base space X and fibre A, a C*-algebra, the Jacobson spectrum of the C*-algebra of
sections of the fibre bundle can be identified as a topological fibre bundle with the
same base space X and fibre the Jacobson spectrum of A.

A C*-algebra fibre bundle 2 = (E, X, 4, p,U, ¢,, G) is specified up to equiva-
lence [3] by a topological bundle space E, a locally compact Hausdorff base space X,
a C*-algebra fibre A4, a continuous projection p: E — X, an open covering U of X,
and homeomorphisms ¢,: u X A - p~'(u) for u € U. The ¢, are fibre-preserving:
o,(x, A) = p~'(x). Furthermore, there is an effective topological group G of *-auto-
morphisms of the fibre A. The mappings ¢, and the fibre 4 are related as follows:

Forx cunNov,u,v € U ,anda € A, let

$2'9.(x, a) = (x, g,0(x)(a)).
Then g,(x) €G, and the map g,: uNv— G is continuous. If y € p~'(x),
X € u € U, the relation is described by writing ¢;'(y) = (x, 7,(»)). Let S be the set
of continuous sections y: X > E (py(x)=x) and D={y € S: |y(x)|=
Iz, (v(x))Il 4 vanishes at infinity}. Note that | y(x)|= llz,(y(x))ll , is independent of
the choice of u in U containing x, since g,.(x) € G is an isometry.
Fory,,y, € D, if x € u € U, define

(Yl + YZ)(x) = ¢u(x’ tu(yl(x)) + tu(YZ(x)))’

and

(r2)(x) = ¢,(x, 1, (n(x))2.(12(x)))-
If x € v € U also, then
(1 + 12)(x) = 8,(x, 1,(11(x)) + £,(7a(x)))
= ¢y(x, Zou(X) (1 11(x)) + t.(12(x))))
= ¢.(x, 1,(11(x)) + 1,(12(x))).

Thus (y, + v,)(x) is well defined as is (y,v,)(x); clearly, v, + v, and v,v, belong to
D.
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For y € D, since | y(x) | is continuous on X,

iyl = sup | y(x)|< oo.
xEX

Direct verification shows that || - || is a norm on D and that with respect to this
norm and the operations as defined above, and the involution y*(x) =
o,(x, (2,(v(x))*), D is a C*-algebra, called the C*-algebra of sections of the fibre
bundle .

LEMMA 1. Let 3 = (E, X, A, p,U, ¢,, G) be a C*-algebra fibre bundle and let D be
its C*-algebra of sections. If u € U, and f € Cyo( X, A) with support( f) C u, define
v(x) = ¢,(x, f(x)), ifx€Eu,
=0(x), ifx¢&u,
where O(x) = ¢,(x,0), if xEv € U. Then y € D and t,(y(x)) = f(x), whence
A = {t(v(x)): Yy € D} for each x € X, u € U with x € u.

Proor. Cf. [2, Lemma 1.1].

LEMMA 2. Let 2 = (E, X, A, p,U, ¢,, G) be a C*-algebra fibre bundle and let D be
its C*-algebra of sections. If I is a closed two-sided ideal of D, for each x € X and
u € U such that x € u, set I(x) = {t(y(x)): vy €EI}. Then I = {y € D: for every
x € X, there exists in U a u with x € u and such that t (y(x)) € I(x)}.

Proor. If y € I, for every x € X and u € U with x € u, then ¢,(y(x)) € I (x) by
definition of I,(x).

Conversely, if y € D and if for every x € X, there exists a u in U with x € u such
that ¢,(v(x)) € I(x). If e >0, K = {x € X: | y(x)|> ¢} is compact. For every y in
K, there exists a v in U with y € v and there exists a z, in I such that ¢,(y(y)) =
t,(z,(»)). Since 4 has an approximate identity, there exists an a, in 4 such that

llto(zy(y)) — ay(to(zy(y)))ll <e.
Let f € Cy( X) be such that f(y) = 1 and support () C v. Define

w,(x) = ¢,(x, f(x)ay), ifx €Ev,
=0(x), ifx¢&o.

Thenw, € D and t(w,(»)) = f(y)a, = a, (Lemma 1), and

17(y) = w,z,(») |= l1,(¥(»)) = t,(w,(»))t,(z,(»))I
= ”to(zy(y)) - ayty(zy(y))” <e.

By the continuity of x > y(x) on X, | y(x) — (w,z,)(x) | < € on a neighborhood of y.
Therefore, there is a finite open covering 0,,0,,...,0, of K such that |y(x) —
(w;z;)(x)|<e on O, for i =12,...,n, and there are g,,g,,...,8, constituting a
partition of unity subordinate to 0,,0,,...,0,, i.e., g§; € Cy(X), g; vanishes outside
O,and g, +g,+ ---+g,=lon K. Then 3_,g,w,z; € I, since gw, € D and z; € I,
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and
Y(x)_ 2 (giwizi)(w) <e onk,
i=1

thus ||y — 2/ ,gw,;z;|l < e. Whence y € I, and the proof is complete.
Let A be a C*-algebra. We denote by A the set of equivalence classes of
irreducible representations of A endowded with the Jacobson topology [1,3.1.1].

THEOREM 3. Let 3 = (E, X, 4, p,U, ¢,, G) be a C*-algebra fibre bundle and let D
be its C*-algebra of sections. Then to each (x,u, ) € X X U X A with x € u, there
corresponds a o in D such that o(y) = (¢, (Y(x))), for Y € D. Conversely, every o in
D is of this form.

PROOF. If (x, u, ) € X X U X A with x € u, then since 4 = {1,(y(x)): Y € D)
(Lemma 1), o(y) = m(¢,(v(x))), Yy €D, is an irreducible representation of D.
Conversely, if 0 € D, put I =kero and set S = {x € X: I(x) # A4, for every
u € Uwith x € u}. If S = &, then for every x in X, there existsin U a u with x € u
such that I (x) = A4. It follows from Lemma 2 that ] = A4, a contradiction, hence
S+ 2.

Suppose x and y are distinct elements in S. Let ¥ and v be in U such that x € u
and y € v. Choose two open subsets ¥, and v, in X such that 4, N v, = & and
X €Eu, Cu,y €Ev, Co. Define M = {y € D: y(z) = ¢,(z, f(2)), if z € u, = O(2),
if z & u, where f € Cyo( X, A) with support (f) C u,}. Similarly, let N = {y € D:
¥(z) = ¢,(z2, g(2)), if z €Ev, = O(2), if z & v, where.g € Cy(X, 4) with support
(g) C v,}. Then M and N are closed two-sided ideals of D, and if y;y, E M - N,

21l = sup | (vi12)(x) |= sup ll2,(vi(x))2.(v2( X))l
xeXx xeEX

< sup lI£,(v,(x)Il - iz, (v,(x))II = 0,

xEX

hence 0 = M - N C I. Since I = ker o is a primitive ideal of D, by [1,2.114], M C I
or N C1I. Suppose M C I, then M (x) C I,(x). Note that 4 = M,(x), since if
a € A, by the construction of the ideal M there exists a y in M such that
a = t,(y(x)), and hence 4 = I,(x) which contradicts x in S. Therefore S = {x,} is
a one-point set. Owing to Lemma 1, it follows that ¢ induces a 7 in A according to

7(t,(v(x,))) = o(y), fory € D.
This shows that for every o in D there corresponds (x, u, 7)in X X U X A such that
o(y) = #(¢,(¥(xo)) for v € D. o
The correspondence between X X U X 4 and D in Theorem 3 is not necessarily
bijective, although to each o in D there corresponds a unique x in X. It will be shown
that in the Jacobson topology on D, D is a topological fibre bundle over X with fibre
A and covering U.

LEMMA 4. Let 2 = (E, X, A, p, U, ¢,, G) be a C*-algebra fibre bundle and let D be
its C*-algebra of sections. For ¢ in D there exists according to Theorem 3 a unique x in
X such that o corresponds to (x, u, w). Define p on D into X by p(6) = x, then p is a
continuous projection.
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PrOOF. It is immediate that j so defined is surjective.
Assume the net {0,} converges to ¢ in D. Choose (x,, #,, ) and (x, ¥, 7) in
X X U X A such that

ox(v) = m(1,(v(x)))) and o(y) =n(1,(v(x))), v€ED.
Note that x, and x are uniquely determined.

If x, # x in X, there exist a subnet {x,.} and a function f in Cy,( X') with support
(f) C u such that f(x,,) = 0 and f(x) = 1. Furthermore, pick an a in 4 such that
m(a) # 0. Define

v(y) = ¢y, f(¥)a), ify €u,
=0(y), ify+#u,
then y € D and ¢,(y(x)) = f(x)a = a,
tu(Y(xA')) =f(xx)a = 0’ if X\ Eu,
=0, ifx, €u,

hence ¢,(v(x,.)) = 0. Moreover,

tu)"(y(x)\’)) = gu)"u(xk’)(tu(Y(x)\'))) = gu,‘,u(xk')(o) =0, ifxy, €u,
=0, ifx, &u.

Thus

tu,‘:(y(x)\')) =0 and ﬂ)\'(tux(‘Y(x)\’))) =0,

therefore, y € N, ker o,.. Since o), - ¢ in D, it follows that N, ker o), C ker o, by
[1,3.4.4 and 3.4.10]. Whence y € ker o, but o(y) = #(¢,(v(x))) = w(a) # 0, a con-
tradiction. Therefore j is continuous.

For each u in U, define ¢,: u X A » p~'(u) by (x, 7)(v) = m(1,(¥(x))),
y € D.

LEMMA 5. Use the above notations. For every u in U, &»u is a homeomorphism from
u X A onto p~'(u) and is fibre-preserving.

PROOF. If 0 € p~'(u), there exists (Theorem 3) a unique x in X and some v in U
with x € v N u such that o(y) = 7(¢,(y(x))), ¥ € D. Let § be defined on 4 by
8(a) = n(g,(x)Xa)),a € A. Then § € 4 and

8(1,(v(x))) = 7(8ou(x)(1.(¥(x)))) = w(t,(v(x))) = o(y), fory € D.
Thus ¢,(x, 8) = o, whence ¢, is surjective.
To prove J:“ is 1-1, assume (x, 7) # (y, 6) in u X A If x # y, there exists a f in
Coo( X) with support (f) C u such that f(x) =1 and f(y) = 0. Choose an a in 4
such that w(a) # 0. Define

v(z) = ¢z, f(z)a), ifzEu,
=0(z), ifz&u.
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Then
7(1,(v(x))) = 7(f(x)a) = 7(a) # 0,
o(t,(v(»))) = o(f(y)a) = 0(0) =
Hence ,(x, 7) # ¢,(y, 0). ) i )

If x =y, then 7 # o in p~'(u). Hence ¢,(x, ) # ¢y, o). This proves that ¢, is
biijective.

Suppose the net (x,, m) = (x,7) in u X A. If y € N, ker ¢,(xy, 7y,
(1, (v(x,))) = 0. Since ¢;'(y) = (x,1,(»)), y = t,(y) is continuous and since
x, = x in X and vy is continuous, y(x,) — y(x) in E. Hence, if € > 0, there exists an
Ao such that if A > Ay, [1£,(¥(x))) — t(Y(X)Il <&,

(2, (YOI = llmy(2,(¥(x3))) — Mz ()
<l (r(x) ~ ()l <e.
Therefore, 2, (v(x))/ ﬂ»)‘ ker m, |l = supy-a, ll2,(v(x))/ker m\ || <e. Since m\ » 7
in A, hence Mysa kerm, C ker [1,3.4.4 and 3.4.10]. Thus [lz,(v(x))/ker 7|l <e.

Since ¢ is arbltrary, t(v(x)) € kerm, ¢u(x, 7 )(y) = 7(¢ (y(x))) =0, whence y €
ker ¢,(x, 7). This shows that M, ker é.(x5, m) C ker ¢(x, 7). Hence ¢,(x, )

€ {¢u(x, m)} in D, and the same holds for every subnet of (x,,,). Hence
$u(Xpo T) = S(x, 7) i n p “(u).

Conversely, assume ¢u(x,‘, m) — ¢u(x @) in p~'(u). If x, » x in X, there ex1st a
subnet {x,.} and a function f in Cy(X) with support( f) C u such that f(x,,) =
and f(x) = 1. Let a in 4 be such that w(a) # 0. Define

v(y) = ¢y, f(y)a), ify €u,
=0(y), ify&u,
theny € D and
m(2,(¥(xx))) = mu(f(xy)a) = m(0) = 0
7(1,(v(x))) = 7(f(x)a) = 7(a) # 0.

Hence y € N, ker ¢,(xy, my), but y & ker ¢,(x, 7), which contradicts ¢,(x,, 7) -
&u(x, «). Thus x, - xin X.

Next, it will be shown m, > 7 in 4. If a € N, kerm,, m(a) =0 for all A. By

Lemma 1, there exists a y in D such that a = ¢,(y(x)). It has been shown that
x, — x in X, so that for ¢ > 0 there exists an A, such that if A\ > A then

e, (v(x2)) — t(v(x))l <e,
and so

It (2 (YOI = Im(2,(v(x,))) = m(2,(v(x))I
< llt,(v(x2)) — 2(v(x))ll <,

whence

Iy /ker ¢,(xx, m)Il = Nl (2, (y(x)))l <&, forA>A,.
Thus lly/ Ny ker g,(x,, m)Il <e.
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Since G(x5, ™) = S (X, 7), Mysa, ker é(x5, m) C ker ¢,(x, ). Hence
lly /¢, (x, m)ll <e and therefore y € ¢,(x, ), ie., 7(¢,(y(x))) = m(a)=0. Thus
a € ker m, whence N, ker m, C ker «. It follows that = € {7,} in 4 by [1,3.4.4 and
3.4.10}, and the same holds for every subnet of {,}. Therefore m, — 7 in A, and this
proves that ¢, is bicontinuous.

Finally, if x € u and o is in p~'(x), ¢ corresponds by Theorem 3 to some (x, v, )
in X X U X 4 such that

o(v) = n(t,(v(x))), fory€D.
Since 7 € A4, 7g, (x) € 4, and

(u(x, 78, ()))(¥) = (78,u(x))(2(¥(x)))
= 7(8ou(x)(t(¥(x)))) = 7(£,(v(x))) = o(7).

Hence ¢,(x, A) = p~'(x) and thus ¢, is fibre-preserving.

If g € G, and if the map g*: A — A is defined by g*(7)(a) = m(g(a)), then g* is
bijective. Furthermore, if the net 7, — 7 in A,andifa € N zker g*(my,), m(g(a)) =
0. Hence g(a) € N, ker m,. Since m, - 7 in A, N, ker m, C ker «, by [1,3.4.4 and
3.4.10). Whence g(a) € kerw, a € kerg*(w). Thus N, ker g*(m,) C ker g*(7),
g*(m) €{g*(m)} in 4, and the same holds for every subnet of {g*(y)}. Therefore
g*(m) - g*(w) and thus g* is continuous. A similar argument shows (g*)™' is
continuous. Thus g* belongs to Auteo( A), the group of self-homeomorphisms of A.

Consider the group G of self-homeomorphisms of the form g* where g € G. The
map T: G - G defined by T(g) =g* is a group antiepimorphism (7(gh) =
T(h)T(g)). If the quotient group G/ker T is given the quotient topology, G /ker T is
a topological group. Since

g/kerT - g*

is an anti-isomorphism from G/ker T onto G, we topologize G by giving it the
topology derived from G/ker T, i.e., a set S* C G is open if and only if the preimage
S is open in G /ker T. Then G becomes a topological group.

Ifu,v € Uand x € u N v, define

Bu(x):A >4
by
Zuo(x)(7)(a) = 7(g,,(x)(a)), formE€Ad,aEA.
Then g,,(x) = (g,(x))* € G.

Since the map g,,: ¥ N v - G is continuous, and the canonical map: G —» G/ker T
is also continuous, it follows that the map g,,: ¥ N v — G is continuous. Moreover,

$,(x, m)(v) = 7(1,(v(x))) = 7(ou(x)(1,(¥(x))))
= 2, (x)(7)(t,(¥(x)))
= (%, 8uo(x)(7))(v), fory €D.

Thus &'3,(x, 7) = (X, Zuo(X)(T)).
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Owing to Lemmas 4 and 5, the following result may be demonstrated:

THEOREM 6. Let 2 = (E, X, A, p,U, ¢,,G) be a C*-algebra fibre bundle over a
locally compact Hausdorff base space X, with fibre A, a C*-algebra. Then X defines a
topological fibre bundle $= (ﬁ, X, ff, p,U, &)u, G ) over the same base space X, with
fibre the Jacobson spectrum A of A and bundle the Jacobson spectrum D of the
C*-algebra of sections of 2.

PRrROOF. By the above argument, the following results are readily derived:

(i) p is a continuous projection from D onto X,

(ii) ¢, is a homeomorphism from u X A onto p~'(u) and is fibre-preserving in that
$u(x, A) = p7(x),

(iii) ¢;'¢,(x, 7) = (X, §,o(x)(7)) and §,.(x) € G, and the map g,,: u N v - G is
continuous.

Therefore 3 = (ﬁ, X, A, p,U, J)u, G ) is a topological fibre bundle.

REMARK. It is shown in [2] that if 2 is a Banach algebra fibre bundle over a
compact Hausdorff base space X with fibre A a so-called Q-uniform Banach algebra
then the maximal ideal space (corresponding to D) of the Banach algebra of sections
of 3 with suitable topology can be identified as a topological fibre bundle with base
space X and fibre the set of maximal ideals of the Banach algebra 4. An example is
given there to show that if the Jacobson topologies are used for the maximal ideal
space of the Banach algebra of sections of Z and the maximal ideal space of 4, the
coordinate functions &)u (as in Lemma 5) need not be continuous.
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